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We consider theoretically THz lasing in a system consisting of a quantum well placed inside an
optical microcavity and a THz cavity in the regime of two-photon excitation of 2p dark exciton
states. The stability of the system with varying parameters of the microcavity under coherent
pumping is studied. We show that the nonlinearity provided by two photon absorption can give rise
to bistability and hysteresis in the THz output.
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I. INTRODUCTION
The possibility to design efficient sources of terahertz
(THz) radiation attracts the attention of researches work-
ing in various scientific fields. This is connected with the
wide possibilities of using the THz range of the electro-
magnetic spectrum, which is not limited to purely sci-
entific problems. The current use of THz radiation in-
cludes fields such as medicine, security, biosensing, and
others1,2.
However, none of the currently existing THz emitters
universally satisfies the application requirements. For
example, emitters based on nonlinear-optical frequency
down-conversion are bulky, expensive, and power con-
suming. Various semiconductor3 and carbon-based4,5 de-
vices based upon intraband optical transitions are com-
pact, but have a low quantum efficiency. The crucial
factor that restricts the efficiency of semiconductor THz
sources is the large characteristic time of spontaneous
emission of THz photons (typically milliseconds) com-
pared to the much shorter lifetime of the involved elec-
tronic states (typically fractions of a nanosecond). At-
tempted ways to improve the situation include the use of
the Purcell effect6–8 in THz cavities or the cascade effect
in quantum cascade lasers9 (QCL). Nevertheless, until
now THz sources operating in the spectral region around
1THz remain costly, show limited quantum efficiency and
operate at very low temperatures.
Recently, it was proposed that the efficiency of THz
emission can be drastically increased by using the phe-
nomenon of bosonic stimulation. This mechanism can be
realized in excitonic and exciton-polaritonic18 systems,
where the elementary excitations participating in the
THz transition have a bosonic nature 10–14. The main
benefits of THz radiators based on bosonic systems are
their small size, relatively high quantum efficiency and
the ability to operate at room-temperature.
A scheme which has attracted particular attention due
to the possibility of realizing a vertical THz emitter is
based on the possibility of a radiative transition between
2p and 1s exciton states15. As direct optical creation of
the 2p exciton under single photon absorbtion is prohib-
ited, it was proposed to use two-photon pumping of a
2p exciton state, as has been realized already in GaAs
based quantum well structures16,17. After creation, a 2p
exciton can radiatively decay to the 1s exciton state emit-
ting a THz photon. The inverse process (THz absorption
by a lower polariton mode with excitation of a 2p exci-
ton) has been recently observed experimentally19. The
THz transition from the 2p state pumps the lowest en-
ergy exciton state, which can have macroscopic occupa-
tion and thus stimulate the THz emission. The situation
can be further improved by replacing of the 2s exciton
state by an exciton-polariton, the hybrid quasiparticle
appearing in quantum microcavities18. In this case, THz
emission eventually leads to the polariton lasing effect,
widely discussed in the literature and now routinely ob-
served experimentally20–23.
In this article we present the theory of a THz laser
based on the 2p to 1s optical transition. We consider a
quantum well placed inside a microcavity tuned close to
the resonant frequency of two photon absorption. The
presence of such a cavity should increase the intensity of
the optical excitation of the dark 2p state and can even
lead to multi-photon polaritonic effects as was shown re-
cently in Ref. 24. The structure is then placed in a THz
cavity of larger size, which further increases the efficiency
of THz emission by confining THz photons and thus lead-
ing to bosonic stimulation. We consider the case of co-
herent excitation at low temperatures. In this regime,
one can suppose that effects of decoherence play a mi-
nor role, and the system should be described in terms of
semiclassical laser equations corresponding to interacting
coherent fields, and not in terms of Boltzmann equations,
considered in Ref.15, corresponding to the regime when
decoherence is fast. We reveal some novel phenomena in
the system provided by the nonlinearities of two photon
absorption and THz emission, such as optical bistability
and hysteresis of the THz signal.
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2II. GEOMETRY OF THE STRUCTURE
We consider the system formed by a quantum well sup-
porting a 2p exciton state with energy ~ω2p and a 1s
exciton state with energy ~ωs, embedded within a pla-
nar microcavity supporting a photonic mode with energy
~ωa = ~ω2p/2 tuned into resonance with the two-photon
optical transition to the 2p exciton state. The whole
system is further embedded within a larger THz cavity
with frequency ~ωTHz (Fig. 1). The system is excited
resonantly by an external continuous wave laser beam of
frequency ω.
}
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FIG. 1: Geometry of the structure. We consider a microcav-
ity, which is made from two Bragg mirrors with a quantum
well inside, where a 2p excitonic state can be excited by two
photons with energy ~ωc each.
The possible types of optical transitions in the sys-
tem are shown in Fig. 2. The two photons with energy
~ωc each excite the 2p dark exciton level via virtual ex-
citations of bright states indicated schematically by the
horizontal dashed line in Fig. 2. It should be noted that
direct single photon excitation of the 2p state violates
the conservation of angular momentum and is thus for-
bidden. As 2p and 1s excitons have different parities,
the radiative transition from the 2p exciton level to the
1s exciton level is possible and is accompanied by the
emission of a THz photon with energy ~ωTHz.
The model Hamiltonian of this system within the ro-
tating wave approximation can be written:
Hˆ = ~ωppˆ+pˆ+ ~ωaaˆ+aˆ+ ~ωssˆ+sˆ+ ~ωTHz cˆ+cˆ+
+g(pˆaˆ+aˆ+ + pˆ+aˆaˆ) +Gpˆ+sˆcˆ+G∗pˆsˆ+cˆ+, (1)
where pˆ, aˆ, sˆ and cˆ are operators of 2p dark excitons,
cavity photons, 1s bright excitons and terahertz pho-
tons, respectively, which satisfy bosonic commutation re-
lations. The first four terms describe the energy of the
free modes. The following term corresponds to the in-
teraction between 2p excitons and optical photons. The
Ground state
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ћωa
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FIG. 2: The scheme of two-photon excitation of a 2p exci-
tonic state and generation of THz radiation in a microcavity.
The dark exciton state (2p state) can not be excited by a
single photon due to optical selection rules. However, exci-
tation is possible in the case of two-photon absorption with
each photon having an energy ~ωc. Due to relaxation, 2p
excitons decay into 1s exciton states, emitting THz photons
with energy ~ωTHz. Note that the illustration is not to scale
and that in reality, ~ωc  ~ωTHz.
last two terms describe THz emission associated with the
2p-1s transition. g and G are the coupling constants cor-
responding to two photon excitation and THz transition,
respectively.
The two photon-exciton coupling constant g was cal-
culated previously using second-order perturbation the-
ory24:
g =
√
S
2
(
−qA0
µ
)2∑
n
i
√
Egm20√
2m∗
Φn(0)
∫
d~rR21(~r)~rR10(~r)
2~ω − (Eg − En + ~ω) ×
× im0
~
√
2
(E2p − Ens), (2)
where: S is the quantization area of the sample; m0, m
∗
and µ are the free electron, effective and reduced exciton
masses, respectively; q is the elementary charge of the
electron; Eg is the band gap of the material; ~ω is the
energy of the photon; En are the eigenvalues of the 2D
Hydrogen atom; Rn(~r) and Φn(~r) are normalized radial
and angular eigenfunctions of the 2D Hydrogen atom,
respectively; and A0 is the vector potential of the cavity
photon mode. This last quantity can be written:
A0 =
√
~
20ωLS
,
where 0 and  are vacuum and material permitivities;
L is the length of the planar microcavity supporting the
photonic mode.
The constant of interaction between 2p and 1s exciton
levels with THz lasing can be found from the matrix el-
3ement of this transition in the dipole approximation 25,
using the wave functions of the 2D Hydrogen atom 26:
G∗ =
1√
2
〈1s|Hˆ|2p〉 = 1√
2
(
−qA
′
0
µ
)
im0
~
〈1s|r|2p〉 =
=− qA
′
0√
2µ
27im0pi0~
8
√
6µq2
. (3)
Here A′0 is the vector potential of the THz photon mode,
which is similar to A0, but with a different length, L
′
corresponding to the length of the THz cavity. Here we
consider a GaAs based structure with L = 800 nm and
L′ = 3.6 µm.
It should be noted that this formalism can be applied
generally to both schemes with 1s exciton states and po-
lariton states. In the case of polariton states, the con-
stants g and G should be multiplied by the corresponding
Hopfield coefficients.
III. CLASSICAL FIELD APPROXIMATION
The dynamics of the system can be found by writing
the Heisenberg equations of motion for the Hamiltonian
in Eq.1:
i~
dpˆ
dt
=
[
pˆ, Hˆ
]
= ~ωppˆ+ gaˆ2 +Gsˆcˆ, (4)
i~
daˆ
dt
=
[
aˆ, Hˆ
]
= ~ωaaˆ+ 2gpˆaˆ+, (5)
i~
dsˆ
dt
=
[
sˆ, Hˆ
]
= ~ωssˆ+G∗pˆcˆ+, (6)
i~
dcˆ
dt
=
[
cˆ, Hˆ
]
= ~ωTHz cˆ+G∗pˆsˆ+. (7)
In the mean-field approximation one can take averages
of the previous system of equations and switch to the
mean values of the operators. The average of the prod-
uct of the operators can be approximately replaced by
the product of the mean values. Terms to describe the
finite lifetime of the excitons and photons and external
coherent pumping can be added to the equations phe-
nomenologically. As a result of this approximation, the
system of nonlinear differential equations of motion takes
the following form:
i~
dp
dt
= ~ωpp+ ga2 +Gsc− iγpp, (8)
i~
da
dt
= ~ωaa+ 2gpa+ + Pe−iωt − iγaa, (9)
i~
ds
dt
= ~ωss+G∗pc+ − iγss, (10)
i~
dc
dt
= ~ωTHzc+G∗ps+ − iγcc, (11)
Here p = 〈pˆ〉, a = 〈aˆ〉, s = 〈sˆ〉, and c = 〈cˆ〉 are the
mean values of the operators of 2p dark excitons, cav-
ity photons, 1s bright excitons and terahertz photons,
respectively. γp, γa, γs and γc are the decay rates for
2p dark excitons, cavity photons, 1s bright excitons and
terahertz photons, respectively, which are related to the
lifetimes of the modes, τp,a,s,c = 1/γp,a,s,c. P is the am-
plitude of the external coherent pump of the cavity pho-
tons with frequency ω.
Making the substitution p → p˜(t)e−2iωt, a →
a˜(t)e−iωt, s → s˜(t)e−iωst, c → c˜(t)e−iωTHzt the system
of equations can be rewritten as:
i~
dp˜
dt
= (~∆p − iγp)p˜+ ga˜2 +Gs˜c˜, (12)
i~
da˜
dt
= (~∆a − iγa)a˜+ 2gp˜a˜∗ + P, (13)
i~
ds˜
dt
= −iγss˜+G∗p˜c˜∗, (14)
i~
dc˜
dt
= −iγcc˜+G∗p˜s˜∗, (15)
where ∆p = ωp − 2ω,∆a = ωa − ω.
IV. STATIONARY SOLUTIONS
In the stationary case dp˜dt =
da˜
dt =
ds˜
dt =
dc˜
dt = 0 and the
system of differential equations transforms to a system
of nonlinear algebraic equations.
This system of equations has two forms of solutions:
the first one corresponds to the case without THz lasing,
when the mean values of the operators sˆ and cˆ describing
bright excitons and THz photons are equal to zero. The
occupancy of THz mode is zero below threshold because
the processes of spontaneous emission are neglected in
our semiclassical theory. The solution without emission
of THz photons can be written in terms of the real func-
tions describing the number of photons, Na = |a|2 and
excitons, Np = |p|2:
Na
[
1 + c1Na + c2N
2
a
]
= Ia, (16)
Np =
g2N2a
γ2p + ~2∆2p
,
where
c1 =
4g2(γaγp − ~2∆a∆p)
(~2∆2p + γ2p)(~2∆2a + γ2a)
,
c2 =
4g4
(~2∆2p + γ2p)(~2∆2a + γ2a)
,
Ia =
|P |2
~2∆2a + γ2a
.
This case corresponds to the one considered in our previ-
ous paper24. The solution demonstrates hysteresis of the
mode populations as a function of the intensity of the
pump. Differently from the case of conventional exciton-
polariton bistability27–29, the bistability comes from the
nonlinearity of the two-photon absorption and not the
4exciton-exciton interaction although the latter can mod-
ify the bistable response curve.
The second solution corresponds to the situation when
THz lasing occurs in the system. From Eqs.(14),(15) one
has:
0 = −iγss˜+G∗p˜c˜∗, (17)
0 = −iγcc˜+G∗p˜s˜∗, (18)
which immediately gives for s˜ 6= 0, c˜ 6= 0:
Np =
γsγc
|G|2 . (19)
One sees that Np = const, independent of the pumping
intensity. Obviously, this solution has no physical mean-
ing for small pumps, where indeed it always becomes un-
stable.
Equations (13-15) allow to obtain equations for the
occupancies Na = |a|2, Ns = |s|2, Nc = |c|2:
(~2∆2a + γ2a + 4g2Np)Na−
− 4Np(~2∆a∆p − γa(γp + |G|
2Nc
γs
)) = |P |2, (20)
Nc =
γs
|G|2 (
√
N2a |G|2g2
γsγc
− ~2∆2p − γp), (21)
Ns =
γcNc
γs
=
γc
|G|2 (
√
N2a |G|2g2
γsγc
− ~2∆2p − γp). (22)
The stability of the solutions can be tested by considering
the behaviour of small fluctuations about the mean-field
solutions28, of the form p˜ 7→ p˜ + upe−iµt + v∗peiµ
∗t, with
up and vp complex fluctuation amplitudes and µ a com-
plex frequency to be determined. Similar fluctuations are
applied to a˜, s˜ and c˜. Substitution into Eqs. 12-15 and
collection of terms oscillating as e−iµt and eiµ
∗t gives rise
to a set of eight coupled equations. These can be solved
for the eigenvalues µ. If the imaginary part of µ is less
than zero then the corresponding mean-field solution is
stable, due to decay of the perturbation. On the other
hand a positive imaginary part of µ corresponds to an
unstable solution.
The stability of the solutions is governed by the in-
tensity of the coherent pump. At some critical point of
the pumping intensity the solution without THz lasing
loses stability and the solution with THz lasing becomes
stable. Furthermore, for some combination of the param-
eters one can see the interesting situation where both of
the solutions are stable. In this case the behaviour of the
system is defined by its history and the THz signal as a
function of the pump reveals hysteresis behaviour as we
show below.
The behaviour of the system is demonstrated in Figs.
3 and 4.
(a)
(b)
(c)
FIG. 3: The dependence of the concentration of the cavity
photons on the pumping intensity for the case when the qual-
ity of the THz resonator γc = 100 µeV (a), γc = 500 µeV (b),
γc = 1100 µeV (c) . The two solutions for the system of equa-
tions (Eqs. (12-15)) are presented: solution without THz
emission (blue dotted curve) and solution with THz emittion
(red dotted line). The stable solutions of the problem, which
describe the behavior of the system under coherent pump, are
marked by the solid blue curves. The parameters are taken
for the detuning ~∆a = 0.25 meV, ~∆p = 0.5 meV . In the
insert, the stable solutions for the concentration of the cav-
ity photons depending on the coherent pump intensity are
presented. The direction of increasing and decreasing of the
pump are indicated by arrows.
They show the occupancies of the optical cavity mode
and THz mode, respectively as a function of the inten-
sity of the resonant pump. Keeping γp = 0, 01 meV ,
5γa = 0, 05 meV , γs = 0, 05 meV we studied how the
behaviour of the system changes if the quality of the
THz resonator described by the parameter γc changes.
We consider three cases corresponding to the values
γc = 100 µeV (Figs. 3a, 4a); γc = 500 µeV (Figs.3b,
4b); γc = 1100 µeV (Figs. 3c, 4c).
Fig. 3a corresponds to a high quality THz cavity with
γc = 100 µeV . The occupancy of the cavity photons as
a function of the pump intensity is described by an S-
shaped curve corresponding to the absence of the THz
lasing (shown in blue) and straight line corresponding to
the case of THz lasing (shown in red). For a given value
of the parameter γc the two lines intersect in the region
of the lower stable branch of the S- shaped curve at some
value of the pump Ith corresponding to the threshold of
THz lasing. If the pumping power is less than Ith, the
solution with no THz lasing is stable, while the solution
with lasing is unstable. The situation is inverted if the
pumping power is more then Ith. There is no region
of the pump where both solutions are stable, and thus
the dependence of the occupancy of the THz mode on
the intensity of the pump is a single valued function as
shown in Fig. 4a.
The more interesting case corresponds to a medium-
quality THz resonator with γc = 500 µeV , shown in Fig.
3b. The two solutions intersect in the unstable region
of the S- shaped curve. Consequently, there is a region
of pumping intensity where the solutions with and with-
out THz lasing are stable. Therefore, the system demon-
strates a hysteresis behaviour for both occupancies of the
optical and THz modes, shown in Figs. 3b and 4b, re-
spectively.
Fig. 3c corresponds to the case of a low-quality THz
resonator with γc = 1100 µeV . In this case the curves
corresponding to the situation without and with THz las-
ing intersect in the region of the upper stable branch of
the S-shaped curve. The dependence of the occupancy
of the cavity photons on the intensity of the pump thus
demonstrates a hysteresis behavior. The hysteresis loop,
however, lies entirely in the region when THz lasing does
not occur. The occupancy of the THz mode still remains
a single-valued function of the pump as shown in Fig. 4c.
V. CONCLUSIONS
In conclusion, we developed theoretically a model of a
THz laser based on the radiative transition between 2p
and 1s excitonic states. We have shown that nonlineari-
ties provided by two-photon absorption and THz photon
emission strongly affect the behavior of the system, and
can lead to the onset of bistable behaviour of the THz
signal as a function of the external pump. An important
parameter which governs the regime of the operation of
the device is the quality factor of the THz cavity.
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